Abstract. The coefficients of the 1/e and Ine singular terms in the field quantities near an arbitrarily moving dislocation loop are obtained by singular asymptotic expansion of integrals.
Introduction. The stress fields radiated from a dislocation moving in an elastic solid have been studied since 1949 by Frank [7] and Eshelby [5] and subsequently by other investigators who studied steady state and accelerating motions of screw and edge dislocations in isotropic and anisotropic media. Some selected references include Eshelby [6] , Kuisalaas and Mura [9, 10] , Markenscoff and Clifton [13] , and Markenscoff and Ni [15, 16] . The motion of dislocation loops has also been studied. Mura [ 18] appears to be the first to formulate the problem in terms of the dynamic Green's function for an impulsive force in a three-dimensional space and to give the solution as an integral over the loop surface and over the loop history in time. He then converted the surface integral on the slip surface of the loop to a line integral along the loop curve. From a seismologist's point of view Burridge and Knopoff [2] formulated the problem in terms of surface integrals while Madariaga [11] treated an expanding circular fault numerically. Giinther [8] and Mura [19] obtained solutions for uniformly moving loops while Markenscoff and Clifton [14] , and Markenscoff and Ni [15, 16] analyzed the wavefront of a circular dislocation loop starting from rest and expanding with constant radial velocity.
For general motion of a loop the solution is obtained only in terms of integrals over the history of the motion which cannot be evaluated in closed form; however, their asymptotic behavior may be appropriately analyzed. One limit which is of great importance is the near field, i.e., the field near the current position of the loop. In order to find this limiting behavior of the integrals, singular asymptotic series of integrals are needed. Such an asymptotic series has been obtained previously (Callias and Markenscoff [3] ) when the near field of an arbitrarily moving screw dislocation was obtained. The special feature of this solution is that it contains besides the 1 /e singularity (with the same coefficient as in the steady-state motion), a lne singularity associated with the acceleration of the dislocation.
In this paper we formulate the solution to the generally moving loop (changing shape as well as position) in terms of a single integral around the loop curve, and present a method for reducing it to a form from which the singular asymptotic behavior is obtained by use of the asymptotic series of integrals. The coefficient of the 1 /£ and In e series are given explicitly. As an example the near field of an accelerating straight screw dislocation is obtained and compared to a known solution.
I. Equations for a moving dislocation loop. A. Preliminaries. Mura [ 18] has given the equations giving the strains and velocity components for a moving loop as a double integral over the loop curve and time. These expressions, for the velocity and displacement gradients respectively, are and
>W The equations include the case of a dislocation at rest which may have started moving at time t' / -oo; the initial static field is part of the solution. In Appendix A it is shown that the solution for a screw dislocation being at rest and starting to move with constant velocity is retrieved from Eq. (2). Mura [9] did not use (2) directly but used (1) by integrating in time the velocity field and subsequently differentiating the displacement.
In expressions (1) and (2) Cl}ki denote the elastic coefficients; G^m, the Green's function for a unit impulse load in a full space; Vr(\,t'), the velocity vector at any point of the loop; b, the Burgers vector; dlh a line element along the loop; and Ejrs, the permutation symbol. For an isotropic material the Green's function is
where p is the density, 7 = t -t', r, = x, -x[, r2 = x\ + x\ + x\, r2 = (x\ -x[)2 + (X2 -x'2)2 + (x3 -X3)2; C\ and cj are the longitudinal and shear wave speeds, H(-) denotes the Heaviside step function, S(-) denotes the delta function. B. Integrations of the line and time integrals. Integration in the expressions (1) and (2) may be performed in time first and space second. This has the advantage that for subsonic motion the denominator never vanishes and thus convergence of the integral is always guaranteed, except possibly for infinite loops, in which case for straight dislocations, it can easily be seen that the integral converges as well. However, as it becomes obvious in the sequel, dx'{t')/dt' must be piecewise smooth. In the case of a loop being at rest and starting to move at t' = 0 with finite velocity V, this derivative is discontinuous at t' = 0 and the integral has to be split into two parts, i.e., dt' + f^dt'.
Starting from an original time to > -oo the loop L(to) can be parametrized by a parameter o\a < 0 < p. At time t' the point x'(o, to) is at the position x'(a, t') which is determined, if the velocity of the loop is known, according to <!{o, t') = x(<7, to) + [ V(<7, x) dx. J to (3) We define a curve T, on the surface described by the moving loop (see Fig. 2 ) that satisfies the equation
(with Ci being the longitudinal wave speed and C2 the shear one). For a given cr, Eq. (4) defines a unique t' = x(a), i.e.,
Since x{a) is a function of (x, t), we have
where Ai = cr -(r,(d/dt')x') and (r,(d/dt)x') denotes the inner product of the vectors r and dx'/dt', and -= (7) 91 A, For further use we note that for r = r(x, a, x(a))
In performing the integrations indicated in (1) and (2) 
we can perform the differentiation inside the integral according to Leibnitz's rule and
Anp mm-vwrn,"
Thus the terms I and II of the strain combined give
bi£n \n (12) Since from (10), SkmS{t-{r/c2)) 4npc2r Gkm = Gkm(c2) -Gkm(Cl) + km":_^2r2" (13) we have the additional contribution to the strain from the last term of (13) Sx, /_" <,'7il,,£""!C,':' (iv'/Kp'' (' cj)) h,d>"
II. Evaluation of the stress near the loop. A. Preliminaries. Let us assume that L(t') is a smooth loop which describes, as it moves, the surface x'(f'). A point £ is a fixed physical point with coordinate x0(?) on L(t) moving with the loop. A field point P with coordinates \(t) is near the moving loop. The distance between P and X is of 0(e), i.e., \(t) -x'0(t) = e£, where f is a fixed vector. What we want to achieve in this paper is to obtain the singular part of the stress at the field point P as e -► 0, i.e., as the point P approaches the loop (at the point X). Since the solution as given in Eq. (16) is in the form of an integral with the integrand being a function of e, we need to obtain the asymptotic expansions of an integral in e. However Taylor series expansions in powers of e of the integrand would give divergent coefficients of the powers of e, and thus regular asymptotics do not work. We observe that we can bring the integral to a form
with (To being the singular point (or the point X in Fig. 1 ), and the asymptotic series given in Callias and Markenscoff [3] can be directly applied. Since this is the main tool of our technique we state it again here. Theorem 1. Under certain restrictions in Callias and Markenscoff [3] for the function h(x,y), where y = e/x, and for 0 < b < 00 we have 
with Rm+i(x,y) as the remainder in the Taylor series of h(x,y) about y = 0 m .
B. Expansion of the integrand about the singular point. We are now going to bring the integral to the form / F ( a -cr0, ---J do Jo0 V O-OoJ and for that we need to expand every term in (16) and (18) about the point (oo,t). This procedure is described in the sequel.
A point M(x'(a, t(<t))) on the curve T will be at the position N(x'(a,t)) at time t (see Fig. 1 ), so that we can write MP = LP + N£ + MN, or
Moreover we can expand in powers of a -a0 and / -x{cr) to write
where with w = -{^xV,')U=<r0
P(x,t)
x'(cr,r(cr))
According to the relation of Eq. (4), r is a function of o\ however, we cannot simply expand (t -t) in powers of (a -a0), as it would seem the natural thing to do at this point, since the derivative d2x/da2 may not exist as e -» 0, at a = <To-So there is no reason to believe this expansion is convergent. We show this at the example of a circular loop moving with velocity v and at a field point at a distance e above the loop, i.e., for x\ = VtH(t), xi = 0, = e, x\ = Vt'H(t') cos 6, x'2 = Vt'H(t') sin 6, x'} = 0.
The equation for T: x-x' = c(t-t') gives V2(t -t' cos 9)2 + V2t'2 sin2 0+e2 = c2(t -t')2 with root
diverges as e -+ 0. We then define the new variable t-r(g) t-z((j)
\o -cr01 |f + to\ 1 '
and it is easy to see, as we will calculate later, that the derivatives We express the terms in the integrand as functions of the variables, 6 = a -Go,y,S.
We have from (15) , (16), (17), (18) T = e; + {a -a0)io+ mS\efi + (a -o0)a>\ 
/ (19g)
In order to simplify the notation of the final expressions we introduce the following symbols needed to describe the surface described by L{t) at the point (cto, t)
x'(ct0,0=v,
J^xVo, t) = a, (20b)
-^x'(cro, t) = q, 
pX'{o,T{o)) = A + h.o.t.,
A, = A2|(9| + h.o.t.,
with R, V, P, D, and A given by (21).
C. Coefficients of the asymptotic expansion and the singular part of the stress. In order to obtain the coefficients of the asymptotic series which give the singular part This completes the determination of the coefficients of Eq. (24) which only refers to the first integral of (12) . Before proceeding in the evaluation of the second term of (12) which involves the step functions in the Green's function, and hence double integrals, we give the coefficients in the asymptotic expansion of (14) which gives the contribution to the strain from the last term of the Green's function in Eq. (13) . The procedure for the asymptotic treatment of the integral (14) is exactly analogous to the one just completed and we give it succinctly below r©*8«*r (*> 
We last have to evaluate asymptotically the double integral in the last term of Eq. (12), i.e., an integral of the form [" da [' E(e,t,y,t')dt'.
(39)
The inner integral has the property that near the singular point (co, 0 the upper and lower limits approach each other. In order to avoid this and obtain an integral from 0 to a finite upper limit we change the variable of integration: t -t' = \6\u, so that 
The asymptotic expansion (42) completes the expansion of the double integral in the solution arising from the Heaviside step function in the Green's function. The final result that gives the displacement gradient n at a point near the moving loop consists, according to (12) , of combinations of (25) 
where the indices mn in the tensor functions (Fi)mn have been omitted.
Example. As an example we want to retrieve from the loop solution the solution for the near field of an infinitely long screw dislocation. As shown in Fig. 2 the loop lies on the X\ -x2 plane and as its radius tends to infinity it approximates an infinitely long screw dislocation tangent to the loop at the point Z. The straight dislocation line is assumed to move with constant acceleration a, so that x' = (\at'2H(t'),X2,0). For near-field evaluation the field point is x = {{at2 + ecosd,0,esin<5).
For the displacement gradient U2j we have from (2) where in G22 only the term S(t -r/c2)/c\r contributes.
In order to check the solution (44) it was indeed obtained that the other terms of the Green's function contribute zero to the solution. The time integral in (46) may be further split into two parts, the first one being Thus the total expression for the asymptotic expansion of C/2,3 near the current position of the screw dislocation moving with constant acceleration from rest is -b2 cos<5^1 -v2/c2 1 b2 a . t .... where in the last expression the contributions are due to t' = -oo (static part) and t' = 0 respectively. From the integrals II and III we obtain 0, for ct < |xi| 
